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1. Introduction 
This p a p e r  i s  ac tua l ly  t h e  second p a r t  of t h e  p a p e r  [I41 and f o r  t h e  s a k e  of 
abr idgment  we a d o p t  h e r e  a l l  no ta t ions  from [ 1 4 ] .  W e  cons ide r  only t h e  s i tua t ion  
when t h e  v e c t o r  Xn, n + - of bal ls  p r o p o r t i o n s  c o n v e r g e  with probabi l i ty  1 t o  a 
non-random va r i ab le .  This will b e  t h e  case, in p a r t i c u l a r ,  when t h e  set of f ixed- 
points  of u r n  funct ions  i s  a singleton.  The g e n e r a l  case i s  s tudied  in a forthcoming 
p a p e r .  
We inves t iga te  asymptot ic  normali ty as well as t h e  law of i t e r a t e d  logari thm 
and t h e  inva r i ance  pr inc ip les .  These r e s u l t s  gene ra l i ze  r e s u l t s  of t h e  a r t i c l e  [ 8 ] .  
The main idea  of o u r  a p p r o a c h  o r ig ina t e s  in p a p e r  [ 3 ]  and  cons is t s  in a n  i n t e r p r e -  
t a t i on  of r e l a t e d  to t h e  gene ra l i zed  u r n  scheme p r o c e s s e s  as a s t o c h a s t i c  a p p r o x i -  
mation t y p e  p r o c e d u r e .  
2. Auxiliary Results 
In subsequent  t heo rems  a r e  impor t an t  local  p r o p e r t i e s  of t h e  p r o c e s s  Xn in a 
neighborhood of a t t r a c t i n g  poin t  9.  The following lemma es t ab l i shes  t h e  n e c e s s a r y  
r e l a t ions .  
Lemma 1. If f o r  a n y  a > 0 and  a l l  z E u ~ - ~ ( ~ , E )  
1 )  T h e r e  i s  r 2 3 such  t h a t  s u p t a l  ]i [' qt ( i  ' 2 )  5 C 1 ,  t hen  uniformly with 
i E Z ~  
r e s p e c t  to z , y 
where  tt i s  t h e  N-dimensional v e c t o r  whose f i r s t  N-1 coord ina t e s  coin- 
c ide  with co r re spond ing  coord ina t e s  of v e c t o r  ql and t h e  l a s t  coo rd ina t e  
i s  ] f i t  (Xt )[ - r t  (4 >. L e t  also 
N 2) t h e r e  e x i s t  q  2 3  a n d  va r i ab le s  q  ( i  , z ) ,  z E uN-l($, E )  n  LN -,, i  E Z,  
such  t h a t  x q ( i , z )  = I ,  x ]iLq q ( i , z )  SC3, 
i €zf i €2: 
( q ( i , z )  - q t ( i , z ) )  S ot -0 with t -+ a. Then 
where  
and if. in addition. 
3 )  funct ions q  ( i  ,z ), i f Z? are continuous on  uN-l('19,€) n  L N - i ;  t h e n  
c) u, f and p are continuous o n  this set of funct ions .  F u r t h e r m o r e ,  if 
condit ions Z ) ,  3) are sa t i s f i ed  and 
4 )  p a r t i a l  d e r i v a t i v e s  q( ' ) ( i  . z )  = -. k = 1.2, .... N -1 e x i s t  a n d  are a2 
continuous f o r  all i €2:. z f u'- ' ( I~ ,E)  n L N - j t  a n d  series 
x i j q  ("(2 . z ) ,  j ,k = 1,2, .... N -1 c o n v e r g e  uniformly; t hen  
i €z$ 
d)  f and p  are continuously d i f ferent iab le  o n  u"-'(6,~) nLN-i and 
If condit ions 1 )  - 3 )  are sa t i s f ied  and 
5) Xt + I9 with probabi l i ty  1  f o r  t + =, t h e n  
e )  with probabi l i ty  1  yt t -' + p(I9) f o r  t -, =. 
Proof. F u r t h e r o n  w e  assume t h a t  z E U ~ - ' ( + , E )  nLN-1 and  y  i s  a na tu ra l  
number.  Using es t imate  (7) f rom [ I ] ,  condit ion 1 )  and Holder  inequali ty w e  obta in  
f o r X t  =z, y t  = y  
If R > 2 ~ , 1 / ' ( 4 N  + 1)'12 t h e n  
llltt (Xt , y t  ) [ I 2  > R2j  L 12(4N+1)(lPt (xt ) r2  + 
and ,  taking in to  accoun t  inequali ty ( 1 2 )  f rom [ I ]  with p = r , p = 2  and p = 0 w e  ob- 
ta in  
Thus, t h e  a s s e r t i o n  2 )  i s  p roved .  
If t h e  condit ion 2 )  i s  sa t i s f ied ,  t hen  on t h e  bas is  of es t imate  (8) f rom [I] and 
Holder  inequali ty 
T h e r e f o r e  d u e  to a s s e r t i o n s  a ) ,  b )  of Lemma 1 f rom [I] 
where  j ,k = 1 , 2  ,..., N -1. I t  i s  e a s y  to see t h a t  
Z+T S ince  -5 2 with T t 0 t h e n  f rom condit ion I ) ,  es t imate  (8) f rom [I] and t h e  
1 +T 
Holder  inequali ty 
A s  in  proving  a s s e r t i o n  b )  of Lemma 1 in [I], taking in to  accoun t  (8) and  (12) 
with p = min(t  ,q ), p = 2 f rom [I] and condit ions I ) ,  2)  
- 5 -  
Assume t h a t  L = L ( t  ) = ot-'lN tH, t hen  
S ince  
then  by reasoning  in t h e  same manner as when proving  a s s e r t i o n  of Lemma 3 from 
[I] w e  ob ta in  
Based o n  condit ions I), 2)  
t h e r e f o r e ,  due  to ( 6 )  
Taking in to  a c c o u n t  condit ions I), 2), a s s e r t i o n s  a ) ,  b )  of Lemma 1 f rom [I) a n d  ( I ) ,  
(7) 
where  j = 1 ,2 ,  ..., N-1. From defini t ion t t ,  r e l a t ions  (2) - (12) and  t h e  f a c t  t h a t  by 
tH = 0[otm] f o r  t  -+ t h e  v i r t u e  of condit ion 2 )  ot -+ 0, and t h e r e f o r e ,  ot 
a s s e r t i o n  b )  follows. 
From 2 ) ,  es t imates  (8) and  (12) with p = q , p  = 2 or p = 1 from [I], s e r i e s  
which def ine  funct ions  o , f  and  p conve rge  uniformly on  u N - ' ( 3 , ~ )  n LN-1. Then 
i t s  sum i s  a cont inuos  function [9, p .  4311, and  u n d e r  condit ion 3 )  t h e  a s se r t i on  c )  i s  
valid. By d i f ferent ia t ing  formally t h e  expres s ion  f o r  f j  w e  obta in  
where  djk i s  a K r o n e c k e r  symbol. On t h e  bas is  of a s s e r t i o n  c )  t h e  f i r s t  t e r m  h e r e  
i s  a continuous function,  and  with accoun t  f o r  condit ion 4 )  t h e  s e r i e s  cons is t s  of 
continuous funct ions  and  conve rgences  uniformly. T h e r e f o r e  [9, p. 4311 a f j  ( x  
a x k  ' 
j , k ,  = 1 , 2 ,  ..., N-1 e x i s t  and  are continuous on uN - l ( d , s )  n LN-i and  f  i s  continu- 
ously d i f f e ren t i ab le  on  th i s  s e t .  From equal i ty  (13) i t  follows t h a t  
i .e . ,  with a c c o u n t  f o r  t h e  foregoing ,  p i s  continuously d i f f e ren t i ab le  on 
UN -I(+, E)  n LN and t h e  a s s e r t i o n  d )  i s  valid. 
Based on r e l a t i o n s  (17), (18) from [I] to p r o v e  t h e  a s s e r t i o n  e )  i t  suf f ices  to 
show t h a t  with probabi l i ty  1 
n -1 
n - I  ri(Xi) -+ p(I9) f o r  n + = 
This r e l a t ion  i s  valid by (7) and  t h e  continuity of t h e  funct ion p (according  to c ) )  
on UN-l(I9,e) n LN-l. T h e r e f o r e ,  tak ing  in to  accoun t  condit ion 5) p(Xt) + p(I9) with 
probabi l i ty  1 f o r  t + =. The lemma i s  proved.  
Remark 1. If N = 2 ,  funct ions  q ( i , x ) , i  €2; are continuous on  t h e  set 
(I9 - E ,  I9 + e )  nR (0 , l ) ;  s e r i e s  C ( i l  + i 2)q ( i  , z )  c o n v e r g e s  uniformly; on  t h e  set 
i E Z , ~  
(I9 -e, 19) n R ( 0 , l )  or ($,I9 +e) n R ( 0 . 1 )  funct ions q l ( i , z )  e x i s t ,  are continuous and 
s e r i e s  i j q l ( i  , x ) ,  j = 1 , 2  c o n v e r g e  uniformly, t h e n  s imi lar  to proof  of asser- 
i €2,2 
t ion d )  i t  c a n  b e  shown t h a t  t h e  funct ion f  i s  continuous on (I9 - e ,  I9 + e )  n R ( 0 , l )  
and  i s  continuously d i f f e ren t i ab le  on  (I9 -&, 19) n R(O,1) or ($,I9 + e) n R ( 0 , l )  
r e spec t ive ly .  
The following facts a r e  useful to study t h e  asymptotic of t h e  u r n  processes .  
Let  M dimensional vec to r s  z , ,  s 2 1 form a Markov p rocess ,  
z, -, 3 with probabil i ty 1 f o r  s -, = , ( 1 5 )  
where r > 0 ,  3 E R M .  Assume t h a t  t h e r e  i s  E > 0 such t h a t  f o r  
z ,  = z , z  E u M ( d , r ) , s  2 I 
max (s 112: -3))) -, 0 , 
T where g and w, are M-dimensional vector-functions; D ( s  ,z ) = E z  ( s  , z  ) z  ( s  , z  ) , D - 
is  a symmetric non-negative definite matrix,  Il.)lo i s  a norm of M x M matrices.  In  all 
subsequent lemmas re la t ions  ( 1 4 )  - ( 1 8 )  are assumed to be satisf ied.  
Let  D M [ O , ~ ]  b e  a s p a c e  of M-dimensional vec to r  functions on [ 0 ,  T I ,  T > 0 
without second o r d e r  discontinuities with Skorokhod metric [ lo ]  (for M = 1 simply 
D[O. T I ) .  In DM [o ,  T I  and D [ 0 ,  TI  f o r  n 2 2 we consider  random processes  
n +S n +s +1 
X n ( t )  = ( n + ~ ) ~ / ~ ( z , + ~ - d )  f o r  x i - I  ?S t < C i - I  , 
and 
Lemma 2. 151. Assume t h a t  
1 )  in equali ty (16) function g i s  d i f ferent iable  at point 19, i.e., f o r  
z -. I 9 , g ( z )  = G(z-13) + o(lb+I(); 
1 2 )  matrix G + -JM i s  s t a b l e  (i.e., r e a l  p a r t s  of i t s  eigen-values are negative) 
2 
where JM i s  a unit matrix in  RM;  
l i m ~ l ' ~  sup ~ ~ W ~ ( X ) ( ( = O  . 
s +- z € U M ( ~ , C )  
Then with n -r random p r o c e s s e s  X, weakly c o n v e r g e  in D ~ [ o , T ]  to a s t a t i o n a r y  
gauss ian  Markov p r o c e s s  X, which sa t i s f i e s  a s t o c h a s t i c  d i f f e ren t i a l  equat ion  of 
t h e  following form 
where  0'" i s  a non-negative s q u a r e  root of t h e  symmetr ic  met r ix  D, w~ i s  a s tan-  
d a r d  M-dimensional Wiener p r o c e s s  (with M = 1 ,  simply w ) .  
Lemma 3. Let  M = 1 and 
1 )  with x -r 79 
g ( x  ) = - I ( x  -79) + 0 ((x --+I) ,  
2 
lim ( ~ l n s ) ' / ~  
s + -  
k s ~ ~ e I " s ( " ) I  = 0 . 
Then with n -r- random p r o c e s s e s  Y, weakly c o n v e r g e  in D[O,T] to a s t a t i o n a r y  
gauss ian  Markov p r o c e s s  Y, sat isfying t h e  following s t o c h a s t i c  d i f ferent ia l  equa- 
t ion 
The proof of t h i s  lemma i s  based  on  limit t heo rems  f o r  random p r o c e s s e s  gen- 
e r a t e d  by  s e r i e s  of weakly dependen t  random v e c t o r  [ll] and i s  s imi lar  to t h a t  in 
P a p e r  P I .  
Lemma 4. [4]. Le t  M = 1, 
1 )  f o r  x -r 19 
Then with probabi l i ty  1 
- [ n j 1 ' 2 [ - ~ ; ~ ~ j 1 ' 2  lim - (5 , -9)  =1 , 
n  +. LnLnn 
Lemma 5 [6]. Suppose  t h a t  M = 2 ,  
1) with x  -, 9 
g ( s )  =G(s1 ) ( s - . 9 )  +o(lk-L911> # 
where  G ( s l )  = G1 f o r  z i  2 d l a n d  ~ ( 5 ' )  = G 2  f o r  s1 < dl ;  
I 2 )  mat r i ces  Gi + -J2, i = 1 , 2  are s t ab le ;  and  condit ion 3) of Lemma 2  i s  sa t i s -  
2  
f ied.  
Then with n -, ~0 random p r o c e s s e s  & weakly c o n v e r g e s  in D ~ [ o , T ]  to a sta- 
t i ona ry  Markov p r o c e s s  X which sa t i s f i e s  a s t o c h a s t i c  d i f f e ren t i a l  equat ion  of t h e  
following form 
Now we c a n  p r o v e  some r e s u l t s  on  asymptotic  behav io r  of bal ls  p ropor t ions  in t h e  
gene ra l i zed  u r n  scheme.  
3. Limit Theorems 
In D*[o, T I ,  T  > 0 ,  we c o n s i d e r  random p r o c e s s e s  
where  n 2 1 ,  y n , G  are N-dimensional v e c t o r s  whose N -1 coord ina t e s  are equal  
co r re spond ing  c o o r d i n a t e s  of t h e  v e c t o r s  Xn,9 ,  and t h e  l a s t  c o o r d i n a t e s  are 
k v ~ ( 1 9 ) v k  = 7 n / n .  
Theorem 1. Let  
I)  sup sup 2 l i  Cqn ( i  ,z = el; 
rial z ~ L - I ~  E ~ t  
2 )  X, + 19 with p robab i l i t y  f o r  n -, and f o r  some E > 0 t h e  following condit ions 
hold on uN-'(-19, E )  n LN 
3 )  t h e r e  ex i s t s  r L E f o r  which s u p  z Ji [ ' q ,  ( i  , z  ) = C Z ;  
i E Z ~  
4)  t h e r e  e x i s t s  continuously d i f ferent iab le  funct ions  q ( i  , z  ), i E Z? such  t h a t  
z q ( i , z )  = 1 f o r  some P 2 3 ,  z 1 i I q q ( i , z )  5 Cg. 
i €zf i EZ$ 
a z z  l q ( i . z ) - q n ( i . z ) l d o n . n L l ,  s e r i e s  z i j U n j , k  = 1 . Z  ,.... N - 1 ,  con- 
i EZ+ axk 
v e r g e  uniformly; 
n N  1.H 5 )  lim an- = 0;  
n +- Z H  
1 6) matr ix  A  + -JN i s  s t a b l e ,  where  ~ j ~  = p ( 9 )  - l a , A j ~  = 0 ,  j  = 1 . 2  ,..., N - 1 ,  z axk  
Then random p r o c e s s e s  zn weakly conve rge  in f l [o , i " ]  to a s t a t i o n a r y  gaus- 
sian Markov p r o c e s s  z which sa t i s f i e s  t h e  following s t o c h a s t i c  d i f ferent ia l  equa- 
t ion 
where  
C i j  ( 9 )  = p(19)  -'aij (+) ,  i = 1 , Z , .  . . , N -1 , 
f l j ( I 9 )  = p ( I 9 ) - ' & ( I 9 ) ,  j = 1,2, ..., N - 1 , f l N ( 1 9 )  = P N ( I 9 )  + F ~ ~ ( I ~ )  . 
Proof. On t h e  bas i s  of equal i ty  ( 5 )  from [ I ]  w e  have  
t h e r e f o r e  u n d e r  condit ion 1 )  
Since  X: E (0,1) ,  i = 1 , 2  ,..., N -1, n r 1, t h e n  due  to (20), (21) 
On t h e  bas i s  of a s s e r t i o n  e )  of Lemma 1 a n d  condit ions 2) ,  5 )  are sa t i s f ied  w e  h a v e  
pn -, p ( 9 )  with probabi l i ty  1 , n  -, - , 
and,  t h e r e f o r e  
- 
yn -+ 9 with probabi l i ty  1 , n  -+ - , (23) 
Le t  eO = min(e ,p(9) /2) .  Denote by yn ( 2 , ~ ~ )  a set of poin ts  y E u N ( 5 , e O )  
whose f i r s t  N -1 c o o r d i n a t e s  z ( y  ) belong t o  uN -I(+, e)  n LN and  t h e  last yN i s  
such  t h a t  nyN i s  a n a t u r a l  number  g r e a t e r  or equal  yl.  Using equal i t ies  (6) from 
[I],  (19), a s s e r t i o n s  a ) ,  b )  of Lemma 1 f rom [I], a n d  a s s e r t i o n  b )  of Lemma 1 with 
condit ions 3) ,  4)  w e  h a v e  f o r  yn = y , y E Yn (3, eo), n 2 1 
where  
Due to condit ion 4), a s s e r t i o n  d) of Lemma 1 and  equal i t ies  (27) t h e  funct ion  R i s  
d i f f e ren t i ab le  at poin t  5. S i n c e  f(19) = 0, t hen  
f o r  cn + 4, y", E Y ~ ( ~ , E ~ ) .  From es t imate  ( I ) ,  condit ions 3) ,  4) a n d  a s s e r t i o n s  a ) ,  
b )  of Lemma 1 we h a v e  
Since f o r  g, -, w e  have x ( g n )  -+ 19 and t h e  functions o,f ,p are continuous on 
uN -'(19,c) n LN-l from condition 4) and asser t ion c )  of Lemma 1, then due t o  condi- 
tion 5) w e  obtain 
lim ~z k ( n  ,<,)zj(n , c n )  - Ckj(9)1 = 0 , 
max ( n  -l,IIcn - 211) -+ 0 
where 
Relations (22)-(26), (28)-(30) and conditions 5) ,  6 )  make i t  possible t o  use lem- 
ma 2 which gives the  required result .  The theorem is  proved. 
Calculating di rect ly  the  limit distribution of z ( t )  with t -+ m we obtain t h e  fol- 
lowing asser t ion.  
Corol lary 1. Under conditions of Theorem 3 
in probabil i ty,  where N(0,B) is  a normal random vec to r  of N dimensionality with 
z e r o  mean and var iance matrix 
Remark 2. Let t h e  number of balls added t o  t h e  urn  at each s t e p  be  constant 
and equal t o  V 21 (as,  e.g., in [3], [7], [8 ] ) .  i.e. 
Then conditions I ) ,  3) of Theorem 1 are satisfied,  7, = yl  + ( n  - l )v ,  n t 1, i.e., 
th is  i s  not a random var iable  and instead of z, i t  i s  sufficient  t o  consider  the  
corresponding N-1-dimensional random process  generated by X,, - 9, n 2 1. 
From re l a t ions  (22)-(26), (28)-(30), Lemma 3.4 a n d  Remark 1.2 of t h e  p a p e r  [ I ]  
w e  ob ta in  t h e  following. 
Theorem 2. L e t  N = 2  and  t h e  number of ba l l s  added  to t h e  u r n  at e a c h  s t e p  
i s  equal  t o  v  c o n s t a n t  v  2 1. Suppose  a l s o  t h a t  t h e  following condit ions are sa t i s -  
fied: 
1 )  with probabi l i ty  1 Xn + 19, n + -; 
2 )  f o r  some r > 0 ,  x  E (19-E, I9 + E )  n R ( 0 , l )  t h e r e  e x i s t  continuously d i f ferent i -  
a b l e  funct ions  q ( ( i , v - i ) T , x ) , ~  s i s v ,  such  t h a t  
T I q ( ( i , ~ - i ) ~ , x )  - q n ( ( i , v - i )  , x ) l S  o n ,  n 2 1 ; 
f"(I9) = - 1 / 2 ,  lim (n ~ n n ) ' / ~ u ~  = O  . 
n  +- 
Then random p r o c e s s e s  
1/ 2 
n + s  n  +S (Xn+ ,  - 19) f o r  x ( i L n i ) - I  S  
t =n 
c o n v e r g e  in D[O,T] f o r  n + - to a s t a t i o n a r y  gauss ian  Markov p r o c e s s  v of t h e  
following form 
where  
Corol lary 2. If condit ions of Theorem 2  are sa t i s f ied ,  t hen  
in  probabi l i ty  f o r  n + -. 
Theorem 3. L e t  a l l  condit ions of Theorem 2  b e  sa t i s f ied  e x c e p t  t h e  3 )  which 
i s  r e p l a c e d  by t h e  following 
[ j112Ds = 0 . f ' ( 1 9 )  < -11 2 ,  lim - 
+- LnLns 
Then 
- u lim d- (xn -19) = d - l d ( 1 9 )  , 
n +inf lnlnn -1 -2 
In Theorems 1,2 t h e  limit random p r o c e s s e s  are gauss ian ,  and t h e  limit d is t r i -  
bution of va r i ab le s  X, 19 i s  normal.  I t  a p p e a r s  t h a t  if w e  d i s c a r d  t h e  r equ i r emen t  
of d i f fe rent iab i l i ty  of funct ions  q ( i ; ) ,  i E Z f ,  at point  I9 t h e n  t h e  limit random 
p r o c e s s e s  may not  b e  gauss ian ,  as well as t h e  limit d is t r ibut ion  of v a r i a b l e s  Xn-I9 
not  b e  unfinite divisible. The theo rem given below s t ipu la t e s  t h e  a p p r o p r i a t e  
r e s u l t .  The proof  of t h i s  r e s u l  i s  based  on  r e l a t ions  (22)-(26), (28)-(30),  Remark 1 
and  Lemma 5.  
Theorem 4. Let N = 2,29 E (0 ,1) ,  condit ions 1-3, 5 of Theorem 1 b e  sa t i s f ied  
as well as t h e  following 
4 )  t h e r e  are continuously d i f f e ren t i ab le  on (19-c, 19) n R(O, l ) ,  (29,29+c) n R ( 0 , l )  
funct ions  q ( i ; ) , i E ~ f  such  t h a t  x q ( i , x )  = 1, f o r  some 
i EZ? 
1 5 )  m a t r i c e s  Ai C Z J 2  are s t a b l e ,  where  i = 1.2, A:' = p(~)-1j ' (19+~),  
Then random p r o c e s s e s  zn weakly conve rge  in  D ~ [ o ,  TI to a s t a t i o n a r y  Markov 
p r o c e s s  z ,  sat isfying t h e  following s t o c h a s t i c  d i f f e ren t i ab le  equat ion  
where  A ( z l )  = Al f o r  z 1  h O , A ( z l )  = A 2  f o r  z 1  < 0.  
Corollary 3. Let  N = 2 , d  E ( 0 , l )  a n d  t h e  number of bal ls  added to t h e  u r n  at 
e a c h  s t e p  b e  cons t an t  a n d  equa l  to u 2 1. 
Suppose  t h a t  
1) z, -, 19 with p robab i l i t y  1 ,  n -, =; 
2)  f o r  some E > 0 t h e r e  e x i s t  continuously d i f f e ren t i ab le  o n  (19-&,19) a n d  (19,19+&) 
funct ions  q ( ( i , v - i ) T , x ) , O  6 i 6 u s u c h  t h a t  
maxCp'(d+O),f'(19-0)) < -1/2,  lim ni'20n = O  . 
n +- 
Then t h e  limit d is t r ibut ion  of random va r i ab le s  dn(X,-19) h a s  t h e  dens i ty  of t h e  
following form 
w 
where  C i s  a cons t an t  s u c h  t h a t  J p  (I ) d z  = 1. 
-00 
Corol la ry  3 follows from Theorem 4 ,  Remark 2 a n d  t h e  f a c t  t h a t  t h e  limit dis- 
t r i bu t ion  z ( t ) ,  t -, - h a s  t h e  dens i ty  p .  The d is t r ibut ion  with dens i ty  p i s  no t  un- 
f in i te  divisible.  
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